Abstract. In this article we study simplicity and traces of reduced L p operator crossed products F p r (G, A, α). Given p ∈ (1, ∞), let G be a Powers group, and let α : G → Aut(A) be an isometric action of G on a unital L p operator algebra A such that A is G-simple. We prove that the reduced L p operator crossed product of A by G, F p r (G, A, α), is simple. Moreover, we show that traces on F p r (G, A, α) are in correspondence with G-invariant traces on A. Our results generalize the results obtained by de la Harpe for reduced C * crossed products in 1985. By letting G be a countable nonabelian free group as a special case, we recover an analogue of a result of Powers from 1975. For the case p = 1, it turns out that (reduced) L p operator group algebras are not simple.
Introduction
For a discrete group G, its regular representation generates a C * -algebra C * r (G) with a faithful trace. Such algebras are interesting, a fact that became apparent from the result of Powers [15] which says that the reduced group C * -algebra of a nonabelian free group with two generators is simple and has a unique trace.
A group G is called C * -simple if it is infinite and if its reduced group C * -algebra has no nontrivial two-sided ideals. Since the announcement of Powers result in 1975, the class of C * -simple groups and in general simple C * -algebras has been considerably enlarged. For more recent examples see [1, 3, 9, 10] . Indeed many authors applied his distinguished approach to some other groups which sometimes lead to defining new classes of C * -simple groups. One of those interesting classes is the class of Powers groups defined in [6] , see Definition 2.5 below. These groups enjoy both combinatorial and geometrical properties. As a first example one can think of nonabelian free groups. During recent years some modifications of Powers groups have been made in order to introduce new examples of C * -simple groups and to study properties of the latter, c.f. [4, 2, 16, 10] .
In [7] , de la Harpe and Skandalis among other results proved that the reduced C * crossed product, C * r (G, A, α), by a Powers group G, an action α which makes the unital C * -algebra A a G-simple one, is simple and its traces are characterized in terms of traces on A.
Since the theory of crossed products have been developed, crossed products of other algebras than C * -algebras and Von Neumann algebras have received very little attention. But very recent efforts suggest that there is an interesting theory behind these. Indeed, in a new approach, recently Dirksen, de Jeu and Wortel in [5] defined crossed products of Banach algebras and Phillips in [13] products of a specific class of Banach algebras so called L p operator algebras. In fact, Phillips, along his way to compute the K-theory of the L p version of Cuntz algebras, introduced crossed products of operator algebras on σ-finite L p spaces by isometric actions of locally compact groups, for p ∈ [1, ∞). In his very recent works on L p operator algebras, among many different results, he has introduced some simple L p operator algebras. The reader may refer to [12, 13, 14] for details. This paper is arranged as follows. Section 2 contains some preliminaries which are needed in the sequel. In Section 3, motivated by the results in [7] , but in the new context of L p operator algebras, we show that for a given p ∈ (1, ∞), the reduced
p operator algebra A such that A is G-simple, is simple. Furthermore, we show that traces on F p r (G, A, α) are in correspondence with Ginvariant traces on A. Here we should emphasize that, because of some technical requirements, in the definition of full and reduced L p operator crossed products [12, Definition 3.3] , G is assumed to be a second countable locally compact group. Hence in order to make our discrete groups fit in with this framework we need to consider countable Powers groups. As a consequence of our results, in the special case, when G is a nonabelian countable free group we obtain an analogue of a result of Powers [15] . Also letting G be the free product of two groups, not both of order 2, one can conclude that, for p ∈ (1, ∞), the reduced L p group operator algebra of G, F p r (G), is simple with a unique trace. In the C * case this is a known result by Paschke and Salinas [11] .
As one can see from [12, Proposition 3.14], for p = 1, it turns out that for a discrete group G neither F 1 r (G) nor F 1 (G) is simple.
Preliminaries
In this section we recall some basic definitions, examples and results, mainly from [12] , in order to make this article self-contained.
p operator algebra is defined to be a Banach algebra A which is isometrically isomorphic to a norm closed subalgebra of L(L p (X, µ)) for some measure space (X, B, µ). For p = 2, the L 2 operator algebra A is isometrically isomorphic to a norm closed (not necessarily selfadjoint) subalgebra of the bounded operators on some Hilbert space. Clearly, for all p ∈ [1, ∞] and measure space (
is separable, and A is said to be separably representable when it has a separable isometric representation. (iii) A representation π is called σ-finite if µ is σ-finite, and that A is said to be σ-finitely representable when it has a σ-finite isometric representation.
is dense in L p (X, µ). An L p operator algebra A is called nondegenerately (resp. separably) representable whenever it has a nondegenerate (resp. separable) isometric representation, and nondegenarately σ-finitely representable if it has a nondegenerate σ-finite isometric representation.
Let A be a Banach algebra, and let G be a topological group. By an action of G on A we mean a homomorphism g → α g from G to Aut(A) such that for any a ∈ A, the map g → α g (a) from G to A is continuous. An action α is called
p operator algebra, and it is an isometric G-L p operator algebra whenever α is isometric. As an example, let p ∈ [1, ∞], let X be a locally compact Hausdorff space, and let G be a locally compact group which acts continuously on X. Then C 0 (X) is an L p operator algebra and the action α of
Remark 2.2. Let A be a Banach algebra, let G be a locally compact group with left Haar measure ν, and let α :
, the vector space of all compact support continuous functions from G to A is an associative algebra over C, when it equipped with the convolution product defined by
It is separable, σ-finite, or nondegenerate whenever π has the corresponding property.
If G is a locally compact group with a left Haar measure ν then any covariant representation (υ, π) of (G,
. This integral is defined by duality.
Here we bring some parts of Lemma 2.11 of [12] .
. Let G be a locally compact group with left Haar measure ν, and let (G, A, α) be an isometric G-L p operator algebra. Take a measure space (X, B, µ) and let π 0 : A → L(L p (X, µ)) be a contractive representation. Then the followings hold; (i) There exists a unique isometric representation υ :
(ii) There exists a unique contractive representation π :
The covariant representation (υ, π) obtained as above is called the regular covariant representation of (G, A, α) associated to π 0 . Any representation constructed in this way is called a regular contractive covariant representation. It is called separable, σ-finite, or nondegenerate whenever the representation π 0 has the corresponding property.
We now come to define L p operator crossed products. For technical reasons as mentioned in [12] , L p operator crossed products are defined for second countable locally compact groups. To study the theory in a more general framework refer to Section 3 of [5] .
, let G be a second countable locally compact group, and let (G, A, α) be an isometric G-L p operator algebra which is nondegenerately σ-finitely representable. Following [5 
, is the crossed product constructed from the familly R of all covariant representations coming from nondegenerate σ-finite contractive representations. The norm on F p (G, A, α) is denoted by . . And let F p r (G, A, α) be the reduced L p operator crossed product constructed from the familly R of all regular covariant representations coming from nondegenerate σ-finite contractive representations of A. Its norm is denoted by . r .
After reviewing some required preliminaries on L p operator algebras, now we recall some definitions and facts on Powers groups. 
Some examples of Powers groups are as follows:
(ii) Free products G = H * A K with amalgamation over a group A = 1 such that, given any finite subset F ∈ G \ {1}, there exists g ∈ G with g Since 1985 when de la Harpe introduced Powers groups, many results have been obtained for these groups. Here we quote some of more well known ones.
Powers groups are C * -simple [6, Proposition 3], thus they are all icc. We recall that a group G is called an icc group if it is infinite and if all its conjugacy classes distinct from {1} are infinite. Powers groups are centerless and as a result they are neither abelian nor nilpotent. Furthermore, Powers groups have nonabelian free subgroups (M. Brin, G. Picioroaga [9] ) therefore they are not amenable [6, Proposition 1], and they do not have any nontrivial amenable normal subgroup [11, Proposition 1.6] .
Since the argument is quite short it seems helpful to recall why free groups are Powers groups.
Remark 2.6. ([8, Theorem 3])
Let n ∈ {2, 3, . . . , ∞}, the free group F n on n generators is a Powers group. Indeed, let a finite set F = {f 1 , . . . , f k } ⊆ F n \ {1} and m ∈ N be given. Let g 1 , g 2 belong to the set of generators of F n . By Lemma 4 of [15] , there exists an integer k 0 such that for i = 1, . . . k, the elements g 1 k0 f i g
(when written in the reduced form) begin and end with a nonzero power of g 1 . Let C be defined by
1 h where h is a reduced word not begining with a power of g 1 } and take
Then the conditions of Definition 2.5 are satisfied for these choice of C and D.
For more details on the properties of Powers groups see [6] and [9] .
The main results
In this section we present the main results regarding the simplicity and a characterization of the traces for reduced L p operator crossed products by Powers groups, for p ∈ (1, ∞).
Throughout this section, we assume that p, q are conjugate exponents, that A is a unital separable L p operator algebra with unit element 1 A on some σ-finite measure space (X, B, µ), and that G is a countable discrete group with identity element 1. For g ∈ G, u g ∈ C c (G, A, α) is the characteristic function of {g} and ν denotes the counting measure on G. Note that using [12, Remark 4.6], when it is necessary, we will identify A as a subalgebra of F p r (G, A, α) by considering the isometric map a → au 1 .
We begin by a technical lemma.
Lemma 3.1. Let p, q ∈ (1, ∞), let k ∈ N and let λ 1 , λ 2 , . . . , λ k , γ 1 , γ 2 , . . . , γ k ∈ R be positive numbers such that
Proof. Define λ, γ, ρ ∈ R k by λ = (λ 1 , λ 2 , . . . , λ k ), γ = (γ 1 , γ 2 , . . . , γ k ), and ρ = (1, 1, . . . , 1).
Applying Hölder's inequality, we have
This proves the first inequality, the other inequality is proved in a similar way.
Remark 3.2. Let p ∈ [1, ∞), let G be a countable discrete group, and let (G, A, α) be a separable nondegenerately representable isometric G-L p operator algebra. Consider C c (G, A, α) with the supremum norm . ∞ . Then for any a ∈ C c (G, A, α) we have a ∞ ≤ a r , [12, Lemma 4.5 ].
We need the following proposition in the proof of Proposition3.4. 1, ∞) , let G be a countable discrete group, and let (G, A, α) be a separable nondegenerately representable isometric G-L p operator algebra. Then associated to each element g ∈ G, there is a linear map E g :
By the same assumptions as in Proposition 3.3, the map E :
The next result has a key role in the proof of the main results.
Proposition 3.4. Let p ∈ (1, ∞), let G be a Powers group, and let (G, A, α) be a separable nondegenerately representable isometric G-L p operator algebra. Let a ∈ F p r (G, A, α), and let ǫ > 0. Then there exist k ∈ N and h 1 , h 2 , . . . , h k ∈ G such that the linear map T :
hj , called an averaging operator, satisfies T (a) − E(a) r ≤ ǫ.
Proof. First we assume that a ∈ C c (G, A, α) with E(a) = 0. That is, there exist n ∈ N, g 1 , g 2 , . . . , g n ∈ G\{1} and a g1 , a g2 , . . . , a gn ∈ A such that a = n i=1 a gi u gi . Put F = {g 1 , . . . , g n } ⊆ G \ {1} and choose k ∈ N such that
By Powers groups' property for this F and k, there exists a partition {C, D} of G and h 1 , h 2 , . . . , h k ∈ G which satisfy Definition 2.5. For each j ∈ {1 . . . k}, define the idempotent operators
be the adjoint operator of e j . By Definition 2.5 (2), for distinct j, l ∈ {1, 2, . . . , k} the idempotents e j and e l have disjoints ranges, and the same is true for the idempotents e * j and e * l . Let
Define an averaging operator T :
hj .
Let (υ, π) be the regular covariant representation associated to some nondegenerate σ-finite contractive representation π 0 of A on some L p (X, µ). Consider the representation υ ⋉ π on C c (G, A, α) as given in Equation (2) . Note that for each g ∈ G,
Using Hölder's inequality we then have
Now by properties of Powers groups, it follows that
Therefore by Lemma 3.1 and Remark 3.2 we get
are arbitrary elements of norm 1, it follows from the definition of . r and the choice of k that T (a) r < ǫ .
Next, suppose that a ∈ C c (G, A, α) is arbitrary. Applying the previous step to the element a − E(a), we may find an averaging operator T such that
. Again using the same method as in the second step, we may find an averaging operator T so that
Since T ≤ 1 and E ≤ 1, we then have
This completes the proof.
We recall that a (normalized) trace on a unital Banach algebra A is a linear functional τ on A (of norm 1 satisfying τ (1) = 1) such that τ (ab) = τ (ba) for all a, b ∈ A.
Normalized traces on a unital C*-algebra, are exactly the tracial states.
Definition 3.5. Let p ∈ [1, ∞], and also let (G, A, α) be a G-L p operator algebra. A G-invariant (normalized) trace is a (normalized) trace that in addition satisfies τ (α g (a)) = τ (a) for all a ∈ A.
The following result shows that all traces on (G, A, α) come from G-invariant traces on A. 
By the multiplicity property of τ , we then have
Let p ∈ [1, ∞], and let (G, A, α) be a G-L p operator algebra. If an L p operator algebra A does not have any nontrivial closed two-sided G-invariant ideal then it is called a G-simple L p operator algebra.
Lemma 3.7. Let G be a Powers group, let α be an isometric action of G on a unital L p operator algebra A. Suppose that A is G-simple and that (G, A, α) is a separable nondegenerately representable isometric G-L p operator algebra. If I is a nonzero ideal of F p r (G, A, α), then there exists a nonzero element a ∈ I such that E(a) = 1 A .
Proof. First we show that there is an element b ∈ I with E(b) = 0. To this end, consider a nonzero element c ∈ I. By Proposition 3.3, there exists g ∈ G such that E g (c) = 0. Since C c (G, A, α) is dense in F p r (G, A, α) we may choose a sequence {c n } ⊆ C c (G, A, α) such that lim n c n = c. Continuity of E g implies that lim n E g (c n ) = E g (c). On the other hand, E g (c n ) = E(c n u g −1 ) and thus
Clearly cu g −1 ∈ I. So for b = cu g −1 ∈ I we have E(b) = 0. Define J to be the ideal of A generated by {α g (E(b)) : g ∈ G}. Simplicity of A implies that J = A. Hence there are m ∈ N, g 1 , . . . , g m ∈ G and a 1 , . . . , a m , b 1 
It is easy to see that
and we are done. Now we are ready to prove the main result of this paper, that is a sufficient condition for simplicity of F p r (G, A, α). Theorem 3.8. Let p ∈ (1, ∞) , let G be a Powers group, and let α be an isometric action of G on a unital L p operator algebra A. If A is G-simple and (G, A, α) is a separable nondegenerately representable isometric G-L p operator algebra, then F p r (G, A, α) is simple. Proof. Let I be a nonzero two-sided ideal in F p r (G, A, α). By Lemma 3.7 there exists a ∈ I such that E(a) = 1 A . Applying Lemma 3.4 to a − E(a) and ǫ = 1 2 shows that there exist k ∈ N and h 1 , . . . , h i ∈ G such that
Consequently, I contains an invertible element Corollary 3.11. Let p ∈ (1, ∞). For n ∈ {2, 3, . . . , ∞}, let F n be the nonabelian free group with n generators. Then the reduced L p operator group algebra of F n is simple with a unique trace.
The following result is a generalization of a result by Paschke and Salinas [11] .
Corollary 3.12. Let p ∈ (1, ∞), and let G be the free product of two groups, not both of order 2, then F p r (G) is simple with a unique trace. Our next remark is a justification for nonsimplicity of L 1 operator group algebras, see [12, Proposition 3.14] . We give proof for the sake of convenience.
Remark 3.13. For p = 1, the full and reduced L 1 operator group algebras, F p (G) and F p r (G), are not simple. To see this it is enough to let G be a discrete group. In this case, both are isometrically isomorphic to l 1 (G). In fact, since G is a discrete group then l 1 (G) becomes a unital Banach * -algebra. The action of G on l . Take the trivial homomorphism φ : G → C. We then get an induced homomorphism φ : l 1 (G) → C whose kernel is a nontrivial ideal. As a result, the reduced L 1 operator group algebra of a nonabelian free group is not simple, see [15] .
Combining the Gelfand theory to the main result 3.8, we then obtain the next result for a commutative L p operator algebra C(X). But before that let us recall a notation from [12] ; Notation 3.14. Let X be a locally compact Hausdorff space, let G be a second countable locally compact group which acts on X, and let α : G → Aut(C(X)) be the action defined by (α g (f ))(x) = f (g −1 x). Following the convention in [12] , F p r (G, C(X), α) is abbreviated to F p r (G, X) for g ∈ G, f ∈ C(X) and x ∈ X. Let a locally compact group G act continuously on a locally compact space X. We recall that the action is called minimal if whenever T ⊂ X is a closed subset such that gT ⊂ T for all g ∈ G, then T = ∅ or T = X. In this case, X is called a minimal G-space.
Lemma 3.15. Let G be a group acting by homeomorphisms on a compact space X, and hence on C(X). Then G acts minimally on X if and only if C(X) is G-simple.
Proof. It is known by the Gelfand theory and definition of the action on C(X), as in the above notation, that G-invariant closed ideals in C(X) are in correspondence with G-invariant closed subsets of X. The rest is clear.
Corollary 3.16. Let p ∈ (1, ∞), let G be a Powers group, and let X be a compact minimal G-space. Then F p r (G, X) is simple with a unique trace. Remark 3.17. Since the theory of C * crossed products can be considered as a special case of the L 2 crossed products theory, hence the examples mentioned in the last part of [7] show that Corollary 3.16 does not hold for an arbitrary group. Moreover, Theorem 3.8 does not hold for nonunital L p operator algebras.
